Infinite-dimensional unitary representations of the non-compact group U(6, 6) are employed to classify elementary particles and, following ideas related to those of FronsdaLare used to construct relativistic S-matrix elements. Like the previously-treated relativistic theories where finite-dimensional representations of U(6, 6) were used, a particular S-matrix element shows no symmetry higher than that of the appropriate hybrid subgroup.
§1 -INTRODUCTION
In a series of earlier papers , it was suggested that elementary particles may be classified as multiplets of a rest symmetry group U(6)xU(6). It was shown that moving multiplets of momentum p could be covariantly represented by using the finite-dimensional representations of a larger group U(6, 6) for construction of a (covariant) algebra of the structure U(6) x U(6) L . This construction procedure 2 involved a covariant projection method from the larger group U(6, 6) based on Bargmann-Wigner equations. The problem of coupling of U{6) x U(6) |p multiplets could then be reduced to the comparatively simpler problem of coupling of U(6, 6) representations.
Unfortunately, since the projection procedure (the Bargmann-Wigner relation) was not U{6, 6) covariant , the overall symmetry of the resulting S-matrix was considerably smaller than the symmetry started with. It was in fact shown by that the maximal symmetry one might expect for S-matrix elements in such a theory could be classified in the following hierarchy:
(1) U(6) x U(6) | for one-momentum processes;
(2) U w (6)|p p for two independent momenta; 1 2 (3) U(3) x U(3) | for three independent momenta; and U(3) for 4 or more momenta. It was also shown by a number of authors (for references see the review article in the Trieste Seminar 2 Volume ) that the unitarity equation for the S-matrix would in general be compatible with the maximal symmetry specified -1-above, provided the intermediate states in the sum on the right of (1) themselves were restricted so as to belong to the relevant subgroup in the hierarchy.
Subsequent to these developments, a suggestion was made that to obviate some of the problems mentioned above, one might employ infinite-dimensional representations of the group * U(6, 6) for classifying particles. One would then start with the assumption that there are in nature an infinite number of U(6) x U(6) multiplets, all of the sarne mass in the exact symmetry limit. In a given representation of U(6, 6), these multiplets would be grouped together constituting as it were different "rungs" of a given U(6, 6) "tower". Each such tower would carry in addition to the labels m characterizing individual "rungs" also a momentum parameter p . A tower of momentum p would be carried to one of momentum p' by Lorentz transformations with each " rung " being carried to essentially the 7 same rung in the new tower, .The non-compact transformations contained in U(6, 6) would however induce transitions between distinct "rungs".
In the present paper we show that one can indeed consistently start with such towers, and that using these one can construct S-matrix theories where both symmetry and unitarity are fully compatible.
We find to our surprise however that the resulting S-matrix elements share with the earlier theory the feature that the overall invariance of the S-matrix for the coupling of given "rungs" is again governed by the same hierarchy of subgroups U(6) x U(6) l p > U w (6)| p p U(3) x U(3)L and U(3) for one, two, three or four momentum processes. The starting "towe.r-symmetry" U(6, 6) itself appears to play no experimentally accessible role in four-particle scattering amplitudes. Its major predictive value seems to lie (1) in the prediction of new relations connecting vertex function coupling constants -2-of one set of rungs to the coupling of other sets; . (2) in the possibility of providing a more powerful and universal mass formulae and (3) in assuring unitarity in the limit of there existing an infinity of " rungs"
in the elementary particle spectrum -all with the same mass.
In §2, we give the formalism and establish its consistency.
The chief result of the paper is the formula (2,13) and the rather transparent expression it provides for the kinematic momentumdependent factors in the theory. In §3 and §4 we exploit some well- for the proton in the desired manner -remains unanswered. We in* tend to turn to this problem in subsequent work.
We believe the theory presented here has close similarities to the recent work of C. FRONSDAL and W. RUHL , though it is not exactly easy to trace the relationship of the ideas, or the techniques.
To these authors and to Professor M. Gell-Mann, who has been working on related lines, we offer our appreciation for stimulating discussions.
• §2 -GENERAL FORMULATION Suppose that we are given in addition to the generators J,,, , R of space-time transformations a set of generators, F a , of some internal symmetry, G , Suppose, moreover, that the F" transform covariantly (and non-trivially) under the space-time group :
If G is a spin-containing symmetry then at least some of the C$ will be non-vanishing and the relation (2,1) implies that the generators F" must include the generators of SL(2,c). This means that G must be a non-compact symmetry. Given these properties it is possible to set up a covariant theory with higher symmetry.
In Note that the index m is unaffected.
Clearly, from (3) and, by virtue of assumption (2, l)(expressed for finite Lorentz trans formations)
-4-one finds that the matrix elements of the F a between boosted and unboosted states possess a simple linear relationship:
In the sequel, whenever the p-dependence is not explicitly shown in <m' t F a I m> we shall always mean the matrix element <jSm' I F a I f5m>. Now, as is well known, if the F^'g are generators of (an SL(2, c)- Each tower carries a momentum label p, and the boosts Uj (L p ) carry a tower at rest to a tower with momentum p , each rung of the rest-tower being carried to the corresponding rung of the moving tower. As one may expect, the operation of the generators F a of U(6, 6) on the moving tower is p-dependent and is specified in (2,6). Note however, that if we write F a (p) = U(L p ) F" U'^Lp) , we have the transparent relation:
The behaviour of the towers under the space-time group is perfectly straightforward. Explicitly, and following Wigner 1 s clas sical method closely:
U,(A)
where R denotes an ordinary little group rotation -one which leaves
Since R is a compact rotation, one Can always bring the infinite matrix <m' I R I m> into block-diagonal form: each block being finite dimensional. With the space-time transformations therefore we move from a given rung of a tower of momentum p to the corresponding rung of the tower with momentum p' =Ap , the indices m being shuffled by an ordinary rotation R.
As an aid in the discussion of coupling problems it is useful to have an alternative set of basis vectors for the physical states. These In the basis (2, 9) the trilinear invariants (if any) would take the form:
T -(2,H)
where the numbers (ir^ir^n^) are coupling coefficients appropriate to the tower symmetry, G . This may be expressed in the less cumbersome form:
MHO (•,k«,)
where F(p|, p|, p|) i a an unknown amplitude function.
The formulae (2,11) and (2,12), which follow directly from (2,10), which project out just one U(6) x U(6) rung. These conditions violate the U(6, 6) symmetry. Both approaches lead to the same hierarchy of hybrid subgroups for the 2-, 3-and 4-point functions (prior to the imposition of the realistic unitarity conditions). It may be that for the 3-point functions the present method will be able to make stronger predictions -i. e., reduce everything to one unknown amplitude -but for the 4-point and higher functions there seems to be nothing to choose between them.
-11- §3 -COUPLING OP THREE TOWERS; THE COEFFICIENTS (m 1 1 m 2 m 3 )
For illustration we construct the invariant coupling between three meson-like Feynman towers (i. e. degenerate discrete representations of U(6, 6)). This is not a particularly realistic case since, as will be seen, one of these representations must be different from the other two. That is, the mesons would have to be distributed over at least two distinct representations. The virtue of this example lies, however, in its simplicity, and it illustrates the calculational techniques that we intend to employ in future computations.
We begin with the construction of some discrete representations.
Let us define the 12-component U(6, 6) spinors and thus may be employed as generators of unitary representations of U(6, 6).
We take for the annihilation operators a*, bj. only those representations which admit a vacuum state Then the adjoint operators aj, b l will create states of positive norm.
A complete set of normalized states is given by where m s denotes the number of times i occurs in the sequence i, ... l ra * etc. and c m is a normalization constant. These can all be generated by applying Mj to the vacuum. They constitute the basis for an irreducible unitary representation of U(6,6). It is a simple matter to evaluate in this basis the matrix elements We wish now to compute the kinematic factors<m ( Lpl m'>. We employ for this a graphical technique. It lends itself to a nearly closed form evaluation of matrix elements of finite transformations and we shall start with a general discussion although in fact we shall need only the Lorentz transformations. Consider the matrix element (4,1) where X A = 0 and X = y Q X % . Following the method of Feynman, we treat the computation of (4,1) as if it were an S-matrix computation. Thus we attach a label t to the spinor quantities The propagators appearing here are very simple. Since -fiLttrtJ&l Altogether one may therefore expect that the kinematic factors arising from matrix-elements of (ni2 I Lp Imj ) fall with increasing momenta. §5 -THE OUTLOOK There are two major problems which need further consideration:
(1) The determination of appropriate representations for baryons and mesons. As is well known, the simplest U(6,6) Feynman towers B = (56,1) , (126,?) and M= (1,1) , (6,1) , 21, 2l)
-18-do not couple. One must find more sophisticated (less degenerate)
representations in which to place the (56,1) (and any other known) baryon U(6) x U(6) multiplet and similarly for the mesons. Assuming that one does succeed in finding towers which allow, e. g.,for the requisite coupling, one would still need to verify that all the successful predictions of the previous U(6) x U(6) l p theory -at least for the vertex function -survive.
It is indeed possible that U(6, 6) is not the right symmetry group.
There are several other possibilities one may consider; e.g. to accommodate kinetic supermultiplets considered by GATTO and others one may need the group O(3,1) x U(6, 6) -or in analogy with the hydrogen atom case, the more attractive possibility O(4,1) x U(6,6). This is to assume that the S-matrix is not a scalar in the U(6, 6) space but a (Lorentz-scalar) part of U(6, 6) tensors.
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